Abstract-Airborne radar sounding is an established tool for observing the bed conditions and subglacial hydrology of ice sheets and glaciers. The specularity content of radar bed echoes has also been used to detect the hydrologic transition of a subglacial water system from a network of distributed canals to a network of concentrated channels beneath the Thwaites Glacier. However, the physical dimensions of the distributed water bodies in these networks have not been constrained by observations. In this letter, we use a variety of simple radar scattering, attenuation, and crosssectional models to provide a first estimate of the subglacial water body geometries capable of producing the observed anisotropic specularity of the Thwaites Glacier catchment. This approach leads to estimates of ice/water interface root mean square roughnesses less than about 15 cm, thicknesses of more than about 5 cm, lengths of more than about 15 m, and widths between about 0.5 and 5 m.
I. INTRODUCTION

S
OUNDING ice sheets with airborne ice penetrating radar is a powerful and well-established tool for probing the interior structures and bed configurations of glaciers and ice sheets [1] - [6] . Glaciological and geophysical interpretations of ice penetrating radar records have advanced the observation and understanding of subglacial lakes and hydrologic systems [7] - [11] . These water systems can exert critical control on the behavior, evolution, and stability of marine ice sheets and their sea level contribution [12] - [14] .
Traditional interpretation methods [8] , [15] - [18] , which rely on identifying subglacial water bodies as flat and bright interfaces in radargrams, are susceptible to erroneous interpretation due to uncertainty in englacial attenuation from observationally underconstrained ice temperature and chemistry [19] - [21] . To address this challenge, the specularity content of radar bed echoes (a parameterization of the along-track scattering function expressed in its Doppler distribution [22] , [23] ) has been used to provide an attenuation-independent proxy for distributed subglacial water bodies [11] . These water bodies are in hydrostatic equilibrium with the overlying ice and melt-freeze processes produce ice/water interfaces that are flat at the wavelength scale [9] , resulting in specular radar reflections [11] .
The anisotropic specularity of radar bed echoes has been used to detect a subglacial water system beneath the upstream region of Thwaites Glacier composed of a network of distributed canals [14] eroded into the subglacial sediment [11] . Although their detection represents an unprecedented observation of the dynamically critical hydrologic state [12] - [14] , [24] of subglacial water beneath a contemporary ice sheet, the geometries of the water bodies that make up these distributed networks have not been constrained by geophysical observation or analysis. In fact, the only prior use of radar sounding data to directly constrain the geometries of subglacial water bodies has been applied in East Antarctica [17] and Greenland [9] , which have fundamentally different topographic, lithologic, and geothermal basal boundary conditions from Thwaites Glacier [25] - [29] in particular and West Antarctica in general and, as such, support different regimes and configurations of subglacial water.
This letter aims to provide estimates of physical properties that can be inferred for subglacial water systems that produce anisotropic specular bed echoes. These estimates are useful for understanding and predicting the behavior of subglacial water systems, their control on ice sheet evolution, and their comparison to the geologic, morphologic, and sedimentary record of the subglacial water systems of paleo ice sheets.
II. SPECULARTITY CONTENT OF BED ECHOES
SAR focusing [10] , [30] - [35] of coherent radar sounding [36] - [41] data is achieved by convolving the recorded data with a reference function for the phase history of a point scatterer at the bed. The propagation path between an airborne radar and a point on the ice-bed interface is shown in Fig. 1 and given by Snell's Law
where L is the focusing reference aperture, h is survey height above the ice surface, d is the ice thickness, x is the displacement of the refraction point on the ice surface, and √ r is the 1545-598X © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. index of refraction of ice [10] , [33] . The specularity content of a bed echo [11] is a parameterization that models the along-track angular distribution of bed echo energy as an angularly narrow specular energy component S [see Fig 
This value is calculated by focusing with two different apertures L 1 and L 2 [10] . In this case, the angles spanned by each are Φ 1 and
The energy focused by each is E 1 and E 2 and are given by
so that the specularity content is
Because both energies are focused through the same ice column, the englacial attenuation rate will be the same for both focused energies so that
where l is the englacial attenuation rate, and d 1 and d 2 are the mean ice thicknesses through which the bed echo energy focused by each aperture propagates. If we assume that (6)- (8) show that the calculated specularity is unchanged. In practice, d 1 = d 2 for purely specular bed echoes and the difference between d 1 and d 2 results in an error of less than 0.2% for a highly diffuse bed with h = 750 m, d = 2 km, L 1 = 700 m, L 2 = 2 km, and l = 10 dB/km (typical values for the Thwaites Glacier [21] , [25] ). Therefore, the specularity content of radar bed echoes is a measure of the angular spread of the along-track scattering function that is highly insensitive to attenuation through the ice column.
III. ROUGHNESS OF THE ICE/WATER INTERFACE
The specularity of a radar bed echo is determined, in part, by the roughness of the ice/water interface [42] (see Fig. 3 ). Under Kirchoff assumptions, the unfocused echo energy returned at nadir E 0 is a function of the root mean square (RMS) height of the reflecting interface (here assumed to be water) RMS w and is given by
where
and f c is the central frequency of the radar, c is the speed of light in a vacuum, and I 0 is the modified zeroth-order Bessel function of the first kind [41] . Alternatively, the scattering function of surfaces that satisfy Kirchoff assumptions can be modeled as a normal distribution of energy across scattering angles [43] . Since the energy is distributed normally, the unfocused echo energy returned at nadir can be calculated using an error function (erf) [42] , given by where erf a models scattering in the along-track direction and erf x models scattering in the across-track direction. Empirically, (11) provides an approximation for (9) (see Fig. 4 ). Notably, this approximation allows along-track focusing with different apertures to be easily modeled by changing the argument in the first error function (corresponding to scattering in the along-track direction)
where Φ i is the range of scattering angles spanned by the focusing reference aperture, and φ F is the range of scattering angles spanned by the diameter of the first Fresnel zone D 1 at the bed (corresponding to the range of scattering angles in the unfocused nadir return), given by
With this model, the focused energies for each aperture are given by
and the specularity content is given by (6) . Fig. 5 shows that, for a survey height of h = 750 m, an ice thickness of d = 2 km, and focusing apertures of L 1 = 700 m and L 2 = 2 km (typical Fig. 6 . Specularity content of radar bed echoes as a function of water layer thickness T and conductivity σw. A σw value of about 0.0002 is typical of pure water, of about 4 is typical of sea water, and of about 1 is typical of ground water [17] , [41] , [44] .
values for the Thwaites Glacier survey [11] , [25] ) high specularity values indicate an ice/water interface with RMS heights less than about 15 cm.
IV. THICKNESS OF THE SUBGLACIAL WATER LAYER
In order to estimate the minimum thickness T of a specularly reflecting water layer, we model the bed echo energy of the ice/ water interface as purely specular and the bed echo energy of the water/bed interface as purely diffuse (the most pathological case for producing specular returns). We assume that the reflection coefficient for the ice/water R w and water/bed R b interfaces are determined by the real permittivity of ice i , water w , and bed b [41] and given by
We also assume that the specular component of the total bed echo energy is proportional to the reflection coefficient for the ice/water interface and increases exponentially with the fraction of the skin-depth (δ) occupied by the water layer thickness (T ) (such that S = 0 for T = 0, S asymptotically approaches proportionality to R w as T approaches ∞, and S is reduced by e −1 at T = δ [17] ), given by
where σ w is the conductivity of the water, and μ 0 is the permittivity of free space. We assume that the diffuse bed return is attenuated by the two-way path through the water layer and is proportional to
and the specularity content of the total bed echo is given by (2) . Fig. 6 shows that the depth of water required to produce specular returns is highly dependent on the conductivity σ w of the subglacial water (and therefore its salinity and local geochemistry). [41], [44] ) specular water layers are expected to have thicknesses greater than about 5 cm.
V. LENGTH OF SUBGLACIAL WATER BODIES
Because the water system in the upstream portion of the Thwaites catchment is a network of distributed canals, we can approximate the reflecting geometry of its ice/water interface as a rectangular plate (see Fig. 7 ) with a radar cross section RCS [45] proportional to
for
where Θ is the observation angle (the angle between the direction of water flow and the survey line), φ is the along-track scattering angle, k is the wavenumber, given by
and L w is the length of the subglacial water body. In this case where Θ = 0, the effect of subglacial water body width L w on RCS can be assumed to be constant. In order to estimate the effect of water body length on bed echo specularity, we calculate the focused echo energies E 1 and E 2 by integrating the radar cross section across the range of scattering angles ±Φ 1 /2 and ±Φ 2 /2 spanned by the focusing apertures and given by Fig. 8 shows that specular subglacial water bodies are detectable for lengths greater than about 15 m. 
VI. WIDTH OF SUBGLACIAL WATER BODIES
The distributed subglacial water systems observed beneath the upstream region of the Thwaties Glacier catchment are anisotropic [11] and produce bed echoes with specularity that varies as a function of observation angle. The rectangular plate model (see Fig. 7 ) for the radar cross section of a subglacial water body also varies as a function observation angle Θ and width W w so that effective along-track length L Θ is given by
and the focused echo energies are given by
and the specularity content is given by (6) . Fig. 9 shows that (for a length L w = 300 m) subglacial water bodies that appear specular within about 30
• of ice flow and diffuse at larger angles can be estimated to have widths between about 50 cm and about 5 m.
VII. CONCLUSION
Although the scattering function and specularity of bed echoes of subglacial water result from a combination of these effects, our results provide an initial estimate of the physical dimensions of subglacial water bodies that can be inferred from the anisotropic specularity of bed echoes. We estimate that the subglacial water bodies in the upstream region of Thwaites Glacier, West Antarctica have ice/water interfaces with RMS roughnesses less than about 15 cm, depths of more than about 5 cm, lengths from about 15 m to more than 75 m, and widths of between about 50 cm and 5 m. ACKNOWLEDGMENT This is UTIG contribution #2725.
